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Fast Rayleigh fading simulation with an IIR filter
and polyphase interpolation

This simulator efficiently generates correlated complex Gaussian variates with a
U-shaped power spectral density. It consists of a fixed IIR filter followed by a
variable polyphase interpolator, to accommodate different Doppler rates
specified by the user. The complex Rayleigh fading simulator is implemented as
a model in the Visual System Simulator.

By Christos Komninakis and Joel F. Kirshman

I n wireless transmission scenarios whe sive sin(.) function calls
a receiver is in motion relative to a trans| "I Wkl [ needed in the simulation.
mitter with no line-of-sight path between thei Y Pa = = Iempolmor = The second approach to
antennas, Rayleigh fading is often a goo generating correlated com-
approximation of realistic channel conditions.rFigure 1. Functional diagram for the implemented Rayleigh fading plex Gaussians with the
The termRayleigh fading channeéfers to a simulator block. PSD in Equation 2 was
multiplicative distortiorh(t) of the transmit- . . -

ted signals(t), as iny(t) = h() - S(b) + n(D, The problem of efficiently generating one—

wherey(t) is the received waveform andt)

is the noise. The design of a simulator pre- OF 1N the case of frequency-selective channels,
sented here mimics a sampled version of the .
channel waveforr(t)in a statistically accu-  1110r€ than one—random complex Gaussian
rate and computationally efficient fashion. . .. . .
This simulator exists as one of the channel DFOCESS With the above statistics for simulating

models in the Visual System Simulator (VSS).

The channel wavefori(t) is modeled as a wireless channel has been approached

a wide-sense-stationary complex Gaussian

process with zero mean, which makes the in three main Ways_

marginal distributions of the phase and am-

plitude at any given time uniform anddescribed by Equation 1. It is important tpresented in [3]. The idea was to multiply a

Rayleigh, respectively, hence the ternnote thateven if there is a significant line-ofseries of independent complex Gaussian vari-

Rayleigh fading. The autocorrelation propersight component in the channel, the onlybles by a frequency mask equal to the square

ties of the random procebé) are governed change in the above model of multiplicativeroot of the spectral shape in Equation 2.

by the Doppler frequendy, as in [10]: distortion is that each channel coefficient (tapJ hen the resulting sequence is zero-padded,
_ . now has non-zero mean. However, its correand an inverse FFT is applied. The resulting

R(T)_E{h(t),h (t=0)b~J,2nfpr) (1)_ lation properties are still described by Equaseries of variables is still Gaussian by virtue

whereJo(") is the zero-order Bessel functiontion 1, and its PSD is given by Equation 2—ef the linearity of the IFFT, and has the

of the first kind. This gives rise to the well-tg within an additive constant. desired spectrum (Equation 2), and hence
known, non-rational power spectral density The problem of efficiently generating one-also the autocorrelation of Equation 1.
(PSD) of the channel process or in the case of frequency-selective chanComputationally this approach is efficient
1 1 nels, more than one-random complebecause the heaviest effort is required by the
-, Ifl<fo Gaussian process with the above statistics ftfFT, which only cost®O(N logN) opera-
S, (f) = 7 fo (L simulating a wireless channel has been apions, whereN is the number of time-domain
i o (2) proached in three main ways. The first apsampled Rayleigh channel coefficients.

proach, known as the sum of sinusoids was One disadvantage of the IFFT method is
proposed by Jakes in [10] and amounts to thits block-oriented nature, requiring all chan-
Even when the transmission rate is higlsuperposition of a number of sinusoids hawael coefficients to be generated and stored
enough to make the channel frequency-seletrg equal amplitudes and random uniformlybefore the data are sent through the channel,
tive (i.e., more than one time-varying channetlistributed phases to gener&i@). This ap- which increases memory requirements and
taps, unlike above), a good channel model igroach was refined in [9] and extended somerecludes continuous transmission.
the WSSUS model of Bello [8]. According what to generate multiple, uncorrelated fad- The third approach, also followed here,
to this model, each channel tap is a zerang processes needed in frequency-selectiadopts the filtering of independent Gaussian
mean, complex Gaussian random process likdhannels. It was recently improved with advariables, easily generated in a pseudoran-
h(t) described above, uncorrelated with—anditional randomization in [6] and [11]. This dom Gaussian generator, by a filter with fre-
thus also independent from—any other tapethod, however, is computationally cum-quency response equal to the square root of
process, but having time-auto-correlation abersome due to the large number of experiequation 2. Because the filter performs a

0, otherwise
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Figure 2. Magnitude frequency response for the designed filter overlayed against the desired
theoretical response. The match is good.
linear operation, the resulting sequence reSteiglitz [5] allows the design of an IIR filter
mains Gaussian, with a spectria{f) = with arbitrary magnitude response. This tech-
Sn(f)IH(f)12, wherelH(f)12is the squared mag- nique is more general than is needed here,
nitude response of the filter, chosen equal tand we present it briefly, adjusted to the
Equation 2. If the input sequence is indepemeeds of this particular problem.
dent (flat PSD), the spectral shape of the
output Gaussian sequence will follow EquaSimulator description
tion 2 as desired. Two main remaining design The Rayleigh fading simulator is composed
challenges remain. of two basic parts and a scaling factor, as
First, note that the sampled channel waveshown in the block diagram of Figure 1.
form is band-limited to a discrete frequencySampled complex white Gaussian noi$e]
of foT, where 1T is the sampling rate. For is generated and fed to a fixed IIR filt&z).
many common applications, this discrete freThis filter is low-order and is designed such
quency is very small: for instance, for a systhat its squared magnitude response approxi-
tem at 900 MHz, with a vehicular speed of 50nates the spectrum in Equation 2 for a given
mph,fo = 67 Hz, and at a sampling rate ofdiscrete maximum Doppler rate pf= 0.2.
say, 1 Msample/sec, the discrete DoppleBefore the polyphase interpolator, a scaling
rate become$T = 0.000067. This means factor A normalizes the power of the final
that the filter used for spectral shaping of theesulting channel waveforf{k] = h(kT)to
sequence would have to be narrowband, with.0.
a very sharp cut-off and infinite attenuation Following that, a polyphase interpolator
in the stopband. While these requirementleally resamples the process such that any
would lead to an impractically long FIR fil- discrete Doppler rate desired by the user can
ter, they can be satisfied a lot more easilipe approximated with minimum computa-
with an 1IR filter combined with a nearly tional effort. Clearly, the sampling rate at the
ideal interpolator, similar to [1]. The combi-output is intended to be several times larger
nation of IIR filter and polyphase interpola-than that of the input. The two are related by
tor employed in VSS is more accurate anthe interpolation factor. This structure can
computationally faster than an FIR filter.  be replicated for as many paths (i.e., complex
The second main source of problems ishannel taps) as the user desires, each with
that the square root of the spectrum in Equapossibly distinct Doppler rates, to simulate a
tion 2—the target filter magnitude responsetime-varying frequency-selective channel.
is irrational and does not lend itself to any of Strictly speaking, the above structure is
the straightforward filter design methods. All-not flexible enough to produce a Rayleigh
pole or autoregressive (AR) filter design [4]fading waveform with arbitrary discrete Dop-
requires high orders to approximate theler ratefoT, since only rational fractions of
autocorrelation at large lags. Fortunately, ¢he chosen fixed ratdp{[)° = p = 0.2 can
technique developed in a 1970 paper byesult from this filtering/interpolation combi-
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Figure 3. Real and imaginary part of the autocorrelation function of the sampled Rayleigh fading
waveform for Doppler rate  foT = 0.05, against theoretical Bessel autocorrelation.
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Figure 4. Level crossing rates NR of the amplitude of the sampled Rayleigh fading waveform for
Doppler rates fpT = 0.05, 0.01 and 0.002. Agreement with theory is excellent everywhere for the
lowest Doppler rate. But for high Doppler rate and low crossing levels, it is not as good. This is
a general problem, unrelated to the particular simulation technique used, and is caused by the

ous limitation to a systems designer simulat-
ing the effects of fast fading on a mobile
receiver, for two main reasons.

First, accuracy in the Doppler rate is not
of primary importance in fading simulations
testing the reliability of a wireless link. If a
design works withpT = 0.02 andoT = 0.04,
both of which can be easily and accurately
simulated (with = 10 and = 5), then simu-
lating foT = /100 becomes a mere esoteric
exercise. Secondly, although the model pro-
vided in VSS implements only integer inter-
polating factors ofp = (foT)° = 0.2 (e.g.,
using the FLATRAYLEIGH model in
VSS2004, the simulation fdeT = 0.0773
would be indistinguishable from that fiyT
=0.06667 = 0.2/3), the routines provided for
the design of the IIR filter in the next section
can implemengny fixed Doppler rate, and
then the implementation routines can be modi-
fied accordingly. For example, the irrational
foT = w/100 can be implemented by design-
ing an IR filter with bandwidthw/10 =
0.31415 and then interpolating by a factor of
| = 10. The software routines available at the
Web site shown in [2] implement only integer
interpolation factors, taken to be

I=|p/f,T].

However, extension to any rationalis
straightforward. In fact, VSS2004 software
includes blocks that perform interpolation of
the data stream by any rational number. In
the FLATRAYLEIGH model, any Doppler
rate resulting ifoT = 0.2 is simulated as if
foT = 0.2 (without any interpolation after the
basic IR filter), and any Doppler resulting in
foT =< 0.00001 is simulated adifT = 0.00001
(strongly correlated Rayleigh, almost con-
stant with time).

The interpolator is implemented as a
polyphase filter with a windowesinc(.)func-
tion impulse response. We have found that
aboutG = 7 one-sided periods of the impulse
response are enough to yield good results
with small computational complexity. In this
polyphase implementation, and counting only
real multiplications, the cost per complex
output sample at the desired Doppler fate
= pll is

4-K
2~(I+2~GJ (3)

whereK is the number of biquads in the IIR
filter. A small constant overhead must be
added to the cost of Equation 3 because of a
short initialization phase, where the simula-
tor runs idle for a few samples to eliminate
transient behavior in the IIR filter and the
interpolator. The memory required is insig-
nificant. For a typical wireless channel case

nation. For example, whil&T = 0.05 and simulate exactlyoT = 0.0773 (interpolation of, say,foT = 0.01, i.e.) = 20, and for th&

foT=10.001 are simulated exactly by interpofatio of 773/2000) and outright impossible= 7 biquads we implemented, the cost evalu-
lating | = 4 andl = 200 times the output for foT = w/100, using the above techniqueates to 30.8 real multiplications per sample.
process of the IIR filter, it is cumbersome tdNe argue, however, that this poses no serf-his compares favorably against both FIR
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Figure 5. System for QPSK and 16-QAM using the flat Rayleigh simulator block in VSS2004 software.

filtering (an order of 31 would be too smallwhere we definéM + 1 frequency points in obtain:
for any fpT) and the “sum-of-sinusoids” the NyquistintervaWi € [0, 1],i=0, 1, ...,M,

method in [10]. For perspective, with a blockwith W = i/M, and their discrete frequency 4. =\A\” _ Z;\ZO‘F(Zi;x) Y

IFFT solution, where for a block of, sdy= counterpartsy, = mW, o, € [0,7]. Also de- ZZO\F(zi;x)\Z (6)
10,000 samples, the total cost is(®llogzN) fine z = &« = ™. Then, for the chosen o

real multiplications, amounting to 26.5 realdiscrete cuttoff frequency = (foT)e = 0.2 Now we have to optimizB(x) = Q(A°, x)
multiplications per complex output sample—define in 4K dimensions. If we compute the gradient
even ignoring the cost of the initial Doppler , _

mask multiplications as well as the IargeL_LzPMJ V R x):{aR,n:I,...AK}

memory requirement. Therefore, the comas the largest frequency index not exceeding x,

plexity of the proposed method is linear andh€ chosen discrete Doppler rateAccord- . o o1 derivative is given by:
actually slightly improves for decreasifag, N9 to [3], the desired response to be ap- P g y

i i . proximated by our filter is: 9R M d|F(z;
as can be seen in Equation 3 a(X):zAn_z(Aa F(zix)|-Y'y \ a(j x) @)
IIR filter design . N : .
. ) L i = _ T luate Equation 7 for the f
To design an IIR filter approximating the 1=01,..1-1 0 evaiale =quation 7 1or the frequency

indexi = 0,...M and for the biquad inddx=
1,...K, we have:

square root of the magnitude frequency re-

sponse of Equation 2, or, more accurately, 1 i=L
the square root of the spectrum of Equation;’ = L[%—arcsin( L_ )J o a\F(z,.;x)\ Z!
2 as it is translated into discrete frequency, i=L+1..M T=\F(Zi;xﬂ'9‘ Traz +h7|®

we follow an approach proposed k. 0,
Steiglitz [5] in 1970. An IIR filter of order
2K, synthesized as a cascadeKofecond-
order canonic sections (biquads), is designe
We use an iterative optimization proceduré

where the response for L was determined 0\F (zi;x)\
fjom the requirement that tlaeeaunder the ab
ampled spectrum be equal to the theoretical

a -
=|F (z;;x) D !
‘ @ )‘ +akzi_l+bkzi_zg(9)

known as the ellipsoid algorithm [2] to searciFaS€ given in Equation 2, as shownin [3]. 5, . Z
for the optimum real coefficiengg, by, ., d,, Next, define the vector x of lengtrKs a(cj:_F(zf;x)'cﬁ{W}(lO)
k=1,...K and the scaling factdx, such that co_ntalnlng the filter coefﬁmenm, b, Ck, dk, K K2 ThE;
the magnitude response of the filter k= 1,..K. ExpressH(z) = AF(z, x), where .
F(2) is the product of biquadratic transfera\F(z,;xj B % z
Kl+az' +bz” functions in Equation 4, excluding the scale™ 54 =|F @) ltez ' +dz: @D
H(z)= Tocz ' +dz? (4) factorA. The filter design problem amounts ’ '
R ¢ to minimizing the squared error: At this point, the basic quantities for itera-
for z=éd«approaches the desired magnitude M , tive optimization exist, with the vectaras a
responsef %(w). For completeness, we sum-Q(A,x) =Y (AF(z;x)|-Y") (5) Vvariable. Obviously, the filter design has been
marize the algorithm in [5] for the IIR filter =0 done once and off-line. An important detail is
design below. Since the optimum scaling factér is that the algorithm may converge to unstable
D positive, we can differentia@(A; x) in Equa- or non-minimum phase filters, which is unde-
SetY' =Y (), tion 5 with respect toAl and set to zero, to sirable. If the optimization leads to such
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biguads, we invert the misbehaving poles oM + 1 = 501. To make discrepancies clear weendent mode, the fading waveform begins

zeros to bring them back into the unit circleplot the response in dB. independently for each block, thereby simu-
and restart the optimization from that point, lating potential frequency hopping, which
as recommended in [5]. In this fashion thePerformance evaluation gives rise to independent channel realizations

filter magnitude response remains unchanged The simulator was implemented in C++ aor every data block. To test the block we

and presumably close to the desired, and theeblock inside VSS2004 in its form discussedsed it first in continuous mode, to get corre-
final resulting filter is a stable and minimum-above. It operates in block mode (with usefation properties and the level crossing rate
phase design. Figure 2 shows the resultingpecified block length), with the behavioLCR) and check the results against theoreti-
magnitude response for a filter wikh=7 between blocks also specified by the user. kzal predictions. Next, we used the block in
biguads and specified ellipsoid accuracy of continuous mode, waveform continuity isblock-independent mode and performed sym-
=0.01. The number of frequency points wasnaintained across different blocks. In indebol-error-rate (SER) simulations with QPSK

and 16-QAM, checking the simulated SER
against known results.

Correlation and LCR

Some of the comparisons that can be made
are summarized in Figure 3, where we plot
the real and imaginary parts of the
autocorrelation of the simulated complex
channel waveform. The real part agrees well
with the theoretical autocorrelation given by
Equation 1. The imaginary part of the
autocorrelation should ideally be zero every-
where, as implied by Equation 1, and indeed
we observe it remains low for the simulated
waveform. The autocorrelations in Figure 3,
both theoretical and simulated, were com-
puted forfoT = 0.05, but similar, good agree-
ment is true for any other discrete Doppler
rate. Hence, we conclude that the approach
taken is rather successful in that with reason-
able computational complexity, the simulated
fading waveform captures the statistical be-
havior expected by theory.

Another statistical characteristic often
measured in Rayleigh fading waveforms is
their LCR,Nr. This is defined in [10] as the
expected rate at which the magnitude of the
fading waveform crosses a specified signal
level R in the positive direction. Its formal
definition for a continuous time fading wave-
formis:

N, = j: #p(R, 7)di (12)
where

p(R,7)

is the joint density function of the amplitude
of the fading and its time-derivative, also
given in [10]. From the definition and for the
spectrum in Equation 2, the LCR is:

Ny=\2zfyre™ (13)
where \ is the signal level being crossed
normalized with the rms of the fading wave-
form, N = R/Rms. For three discrete Doppler
ratesfoT = 0.05, 0.01 and 0.002 (interpola-
tion factors for our simulator structure 4,
20, 100, respectively), we obtain simulated
results for the LCRNr. These appear in Fig-
ure 4 against the theoretical values of Equa-
tion 13.

From Figure 4 we conclude that the trans-
fer of the level crossing notion from the con-
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Figure 6. SER for QPSK under Rayleigh fading, from theory and simulated in VSS2004 software.

tinuous to the discrete (sampled in time) worldvhat from theory for lowA but is almost
is not without consequences. For the finelydentical to a plot in [4] using a large ARizer for flat fading.

sampled fading waveform with the low Dop-model and IFFT to generate the Rayleigh For uncoded M-QAM in i.i.d. Rayleigh
pler ratefoT = 0.002, the agreement is excelfading waveform. For fast DoppldpT =
lent foranycrossing level because given thed.05, however, and for the low crossing levperfect channel knowledge. We plot the the
slow variation of the fading and the densityels (more than 20 dB below the rms ampliretical curves foM = 4 (QPSK) andl = 16
of the sampling, the representation of théude) the more sparse sampling of the fading6-QAM) against results from simulatio
continuous-time properties in the discretewaveform causes underestimation of the LCRising VSS. It can be seen that the agreem
time world is accurate. For the middle Dop-This is not particular to our simulator, buis good, with only small discrepancies arisi
pler ratefoT = 0.01, the result deviates somerather a general problem, arising due to saecause of the non-independent nature o

pling. The reason it surfaces at high Dopp
rate and low\ is that the sparsely sample
waveform “misses” some of the low (and al
short in duration) minima of the implied con
tinuous waveform. A portion of the low ex
tremes is unavoidably overlooked by th
sampled fading because of their small du
tion in continuous time, leading to the unde
estimation of the LCR.

SER simulations

We used the system depicted in Figure 5
VSS2004 to run SER simulations using t
VSS block FLATRAYLEIGH as well as the
VSS block AWGN, in addition to QPSK an
16-QAM transmitters and receivers, alg
implemented as VSS blocks. The receive
assumed to have perfect knowledge of t
channel coefficienh(t), which is used to in-

vert the received noisy samples. This inver-

sion is often referred to as a single-tap equ

fading, the SER is given by (8.106) in [7], fq
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fading, which can lead to bursts of errors fobiquad-form for robustness). This filter isspective ones, which confirms the validity of

periods of contiguous low channel values. used to generate a fading waveform at a fixeihe proposed simulation techniqérRiED
Doppler rate. Subsequently, fast polyphase
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