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Comparing windows for multitone suppression

Harmonic interference suppression requires windows with fast decaying
sidelobes. When the requirement is to keep peak sidelobes low, Harris windows
are preferred; but when the mainlobes are to be of minimum widths, the recently
published Kulkarni windows offer a good choice.

By Raghavendra G. Kulkarni

sidelobes. White papers by Harris! and Nuttall2 provide an exhaustive

I nterfering signals of harmonic nature, if not suppressed suffi-
ciently, degrade the performance of thereceiver. To suppresssuch  survey of window functions.
signals, it is necessary to use windows that have fast decaying
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Figure 1. Plot of mainlobe width vs. order for the Kulkarni window series for asymptotic decays
of: a. 12 dB/octave (two-term series), b. 18 dB/octave (three-term series), and c. 24 dB/octave
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Figure 2. Plot of sidelobe peak vs. order for the Kulkarni window series for asymptotic decays
of: a. 12 dB/octave (two-term series), b. 18 dB/octave (three-term series), and c. 24 dB/octave

Thewindowsthat have faster decay of sidelobes(ie., 12 dB/octave

or more) and that are expressed in the form of
a series function are considered here. These
window functions are compared in terms of
mainlobe width, peak sidelobe and the as-
ymptotic decay. The mainlobe width of a
window function increases as the number of
terms in the series is increased. In general,
therewill be trade-off between sidelobe level
and the mainlobe width—and between
asymptotic decay and the sidelobe level.

When the requirement is to suppress the
nearby and far-off tones of broadband
signals, Harris windows suit the application
asthey have wide mainlobes with low sidelobe
peaks. The three-term Harris window has
18 dB/octave decay of sidelobeswith asidelobe
peak of -64.2 dB, whereas the four-term Harris
window provides a sidelobe peak of -93.3 dB
for the same asymptotic decay. However, the
four-term function has wider mainlobe width
than that of three-term function.

If the signals encountered are narrowband,
then the wide mainlobe of the Harris window
allows more noise to pass through, degrading
the signal-to-noise ratio (SNR). In such a
situation, windows with narrower mainlobes
are to be employed. Cosine powered win-
dows offer narrower mainlobes than Harris
windows—at the cost of higher sidelobe
peaks.

Therecently published Kulkarni windows5?
offer the narrowest possible mainlobe widths
for a desired asymptotic decay. In fact, the
mainlobe of the Kulkarni window can be made
as narrow as that of a rectangular window
(x2/T). However, hardware implementation
becomes the limiting factor.

Behavior of various window
functions

The behavior of windows, intermsof their
sidelobe peak, asymptotic decay or mainlobe
width, is determined by the type of function
and the criteriaused to determine their coeffi-
cients. The Harris windows belong to the
family of cosinewindows'-3and are expressed
in time domain as (Eq. 1):
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Window function No.of | Mainlobe | Peak sidelobe | Asymptotic
terms width (dB) decay
(dB/octave)
N-1
w(t) =Y a, cos(2nnt/T), for|[t]|<T/2 Harris window 3 +3/T -64.2 18
"= +4/T -93.3 18
=0 . . f.or [t]>T/2 Cosine-powered window
where T is the window duration and a. are real
coefficients. There are N terms in the window func- (v 1 =l 23 L
tion. The coefficients, an, are determined by impos- 2 +2.5/T -39 24
ing either/or of the following conditions:

B The energy in the sidelobes is minimized by (Qdd) & =2l <2 1
forcing the frequency function to vanish at frequen- 2 +3/T -47 30
;:ieswherefthe ?mp;itudes of individual terms(inthe | Kulkarni window (Order)

requency function) are maximum. X

W Thetermsin the frequency function containing 2 2 e 3l 213 12
(1F),(1/F)z,.....,(Lf)x are forced to zero, so that the 4 2 +1.232/T -16.2 12
window decays as (L/f)<*1, giving an asymptotic 6 2 +1.16/T -14.8 12
decay of 6(k+1) dB/octave.

. " . . 8 2 +1.12/T -14.2 12

Normally, thefirst coefficient, ao, isset to unity to
obtain unique coefficientsfor thefunction®. When all 10 2 | £1.098/T -13.8 12
the remaining coefficients in the window are deter- 4 3 +1.835/T 276 18
mined using the criterion of minimizing energy inthe
sidelobes, the window will have lowest sidelobe 6 3 | £1.437/T -18.1 18
peaks. But the asymptotic decay remains at 6 dB/ 8 3 +1.303/T -15.7 18
octave becgu_se the frequgncy function w_iII h_ave a 10 3 +1.232/T 151 18
term containing (/f). This type of function is not
suitable for applications requiring harmonic sup- 6 4 +2.224/T -33.3 24
pression asthe sidel obt_a de_cay isnot fasi_ er_10ugh. To 8 4 +1.622/T 19.9 24
enhance the far-off rejection characteristic, one or
more coefficients in the window are to be deter- = & 14331 — -

mined using the second criterion so that sidelobes
decay at a faster rate. The three-term and the four-term Harris
windows with 18 dB/octave sidelobe decay are constructed in this
manner (Table 1).

Assume that al the unknown coefficients in the above function
(Eq. 1) are determined using the second criterion only. Then the
function will have maximum asymptotic decay, and its coefficients
are such that the window is expressed as a powered cosine as given
below (Eq. 2):

w(t)=cos™V(xt/T),  for|t|<T/2

=0 for|t|>T/2
This function is called a cosine-powered window and as evident
fromthe Table 1, itsasymptotic decay is proportional to the power of
the cosine function. However, as the power of the window is

Table 1.Characteristics of window functions.

increased or in other words, as the number of terms in the window
(Eq.1) isincreased, the mainlobe width also increases with asymp-
totic decay. Another set of cosine-powered windows is formed when
the function series of the form35, as shown below, are constructed
(Eq. 3):

N-1

w(t) = Zbﬂ cos {2n +1)nt/TH

=0 for [t]>T/2.
The coefficients, bn, are determined using the criterion of maxi-
mum asymptotic decay, and the function gets simplified as given
below (Eq. 4):

for|t|<T/2

w(t) =cos®* (nt/T), for|t|<T/2

=0 for [t|>T/2
35
No.of terms | Order | Magnitude
30 » 2 2 4
> / 2 4 16
§ # / 2 o o
©
9 20 2 8 256
2 / 2 10 1024
(o}
£ 15 _ 3 16
< 3 6 128
10 3 768
5 3 10 4096
4 6 64
0 1 1 4 768
° ° No. of terms ! ° 4 10 6144
: Table 2. Magnitude of largest coefficient in

Figure 3. Plot of asymptotic decay vs. number of terms for the Kulkarni window series.

the Kulkarni window series.
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2:5

The cosine-powered windows defined by 2

Eq. 3and Eq. 4 can be called as odd and even
cosine-powered window functionsin the same
manner as defined in apaper by Malochaand

-
o

Bishop3. The odd series will have an odd
number of kernels, and the even series will
have an even number of kernels in their

//c

frequency domain functions. Thesetwo func-
tions (Eqg. 3 and Eq. 4) can be expressed by
asingle equation as shown below (Eq. 5):

Mainlobe width x T/2

0.5
w(t) = cos* (nt/T), for [t]|<T/2
=0 for|t|>T/2,
where k assumesinteger values. 0
In the recently published papers®?, the au- 0

thor has proposed new window functions,
which havethe narrowest possible mainlobes

T T T
1 2 3 4 5
No. of terms

for any desired asymptotic decay. Theoreti- Figure 4. Plot of mainlobe width vs. number of terms for the Kulkarni window series with order

caly, the mainlobe of these windows can be
made as narrow as that of arectangular window, (+1/T), by increas-
ing the order of the window series. These windows (also known as
Kulkarni windows) find application where the signals encountered
are extremely narrowband and multitone rejection is essential.

The Kulkarni window seriesis defined in time domain as’ (Eq. 6):

k
24 for|t|<T/2
PO =143 Coy 01T, It]
=0 © for [t]>T/2,
where 2N isthe order of the window series, which containsk+1 terms

of : a. six, b. eight and c. 10.

and the coefficients, Can-2j+2, arethereal numbersto be determined by
imposing the criterion of maximum asymptotic decay so that the
terms containing (1/f),(1/f)3,....,(1/f)k vanish from the frequency func-
tion. The window will then decay as (1/f) k*1 giving a sidelobe decay of
6(k+1) dB/octave. The sdient features of the Kulkarni window seriesare
givenin Table 1 for the cases of two, three and four terms. Note that the
asymptotic decay increaseswith theincreasein the number of terms. The
mainlobe width can approach +1/T for any desired sidelobe decay, a
feature that is not present in any other window function. Figure 1 shows
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not at al dependent on the order, the mainlobe
width does depend on both. It decreases with

the decrease in the number of terms and with
theincreasein the order of the series. Sidelobe

rejection decreases with the increase in the
order (Figure 2). However, it increases with

Sidelobe peak (dB)
N
o
o o

the number of terms in the window function
(Figure5).
To synthesize the Kulkarni window having

the narrowest possible mainlobe width for a
desired decay of sidelobes, thenumber of terms

and the order (for the window) are to be deter-
mined. The number of termsis decided by the

No. of terms

15 —
10
-5
0 1 1 1 1
0 1 2 3 4 5

specification on the sidelobe decay, and the
order islimited by theimplementing hardware.
WhileHarriswindowsare appropriatewhen

Figure 5. Plot of sidelobe peak vs. number of terms for the Kulkarni window series with order of:

a. six, b. eight and c. 10.

how one can reduce the mainlobe width by increasing the order of the
saries. Theoreticaly, the mainlobe can be made as small as that of a
rectangular window. However, the magnitude of coefficient of highest-
order term in thewindow isthe limiting factor. Thismagnitudeincreases
exponentidly asthe order of the seriesisincreased (Table 2). A limit on
the order of the seriesis reached when this magnitude becomes so large
that the implementing hardware cannot handleit.

Even though there is reduction in mainlobe width as the order of the
seriesisincreased, Figure 2 shows that the sSidelobe rejection decreases.
Thisisthe price one paysfor the reduction in mainlobe width. In Figures
1 and 2 the number of terms (or the asymptotic decay) is kept as a
parameter whilemainlobe width and sidelobelevel areplotted against the
order of the window. From Figures 3 and 4 we deduce that, while
asymptotic decay isdetermined by the number of termsin the seriesand

the signals are broadband in nature, cosine-
powered windows and Kulkarni windows are
suitable for narrowband signals. RFD
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